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Qiasi-1D Mott insulators: CaV2O4, ZnV2O4

G.-W.Chern, N.Perkins, Phys.Rev. B 80, 220405(R) (2009)

⇒ 1D toy model

H = J
∑
m

Sm · Sm+1 + Jτ
∑
m

τ zmτ
z
m+1 − λ

∑
m

τxmS
z
m

– spin/orbit (quantum/classical) interplay caused by SO
interaction:

• anisotropy in spin-1 subsystem;

• source of quantum effects in orbital sector – orbital quan-
tum spin liquid, Tomonaga-Luttinger liquid regime

– ground state phase diagram: massive phases and quantum
criticalities

Model not integrable → limiting cases: Jτ � J, Jτ � J
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Isolated VO6 octahedron
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V: (1s)2(2s)2(2p)6(3s)2(3p)6(3d)2 → (t2g)2(eg)0

Hund’s rule → S = 1
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|xy〉-orbital quenched: AF spin exchange along the chains
Jahn-Teller coupling is weak → orbital correlations dominant



Orbital double degeneracy – pseudospin 1
2
τ

φ+ ≡ |yz〉, φ− ≡ i|zx〉, τ zφ± = ±φ±

Local spin-orbit coupling λL · S projected to subspace {φ±}:

〈Lx〉{φ±} = 〈Ly〉{φ±} = 0

Lz = −i (x∂y − y∂x) , Lzφ± = φ∓

(Lz){φ±} = τx, λL · S
∣∣∣
{φ±}

= λτxSz
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AF Ising-like orbital correlations along zigzag bonds – spin-orbital ladder
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(Over)simplified, single-chain version:

H = J
∑
m

Sm · Sm+1 + Jτ
∑
m

τ zmτ
z
m+1 − λ

∑
m

τxmS
z
m
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λ /Jτ>> 1

λ /J >> 1

Neel order: < Sz
n> = (−1)nζ

Orbital order: < τ x
n > = (−1)n ηx

1

1

S=1 chain: Haldane spin liquid

Orbital order: < τ z
n > = (−1)n ηz

λ / J 0,λ / J
τ

J
τ

J λ

φ φ φ φ+ + +
ηz 0

φ φ φ φ φs s sa a
ηx 0

φs , a ( φ

φ

+ φ ) 2+

To be explained:

– reorientation transition in orbital sector: ηz → ηx

– Neel ordering of S=1 chain

Important: Due to SO coupling orbital degrees of freedom
become quantum



Antiferromagnetic spin-1 chain

HS = J
∑
n

[
Sn · Sn+1 − β (Sn · Sn+1)2] (S = 1)

− 1/3 0 1

β

TB
SU(2)

2
WZNW

HVBS
(c=3/2)

Haldane’s Spin Liquid Phase

Massive triplet magnon

Dimerization

Spontaneous

=m χSS(q, ω) ∼
∆S

|ω|
δ

(
ω −

√
(q − π)2v2

S + ∆2
S

)

Zamolodchikov and Fateev (1986):

SU(2)2 WZNW → O(3) theory of massless Majorana fermions

≡ 3 copies of 2D critical Ising models

Tsvelik (1990): S=1 chain, |β − 1| � 1 - triplet of massive Majoranas

Shelton, A.N., and Tsvelik (1996): closely related theory of

S=1/2 spin ladder



O(3) Majorana field theory

HM =
∑

a=1,2,3

[
i

2
(ξaL∂xξ

a
L − ξ

a
R∂xξ

a
R)− imξaRξ

a
L

]
+

1

2
g
∑
a

(ξaRξ
a
L)2 , (g < 0)

Massive Majorana fermion ↔ 2D Ising model close to criticality

ξa ↔ (σa, µa), m ∼ 1− β ∼ (T − Tc)/Tc

S(x) = IR(x) + IL(x) + (−1)x/a0N(x), N(x) ∼ (σ1µ2µ3, µ1σ2µ3, µ1µ2σ3)

Iν(x) = −
i

2
ξν(x)× ξν(x) (ν = R,L), ε(x) = (−1)nSn · Sn+1 ∼ σ1σ2σ3

Spin liquid phase: β < 1, m > 0 → T > Tc: 〈σa〉 = 0, 〈µa〉 6= 0

〈N〉 = 〈ε〉 = 0 : unbroken SO(3) and parity

Dynamical spin correlations Wu,McCoy et al (1976)

r = (vsτ, x), ξS ∼ vs/m 〈µ(r)µ(0)〉 ∼ (a/ξS)1/4
[
1 +O(e−2r/ξS)

]
〈σ(r)σ(0)〉 ∼ (a/ξS)1/4

√
ξS/r e

−r/ξS

〈N(r)N(0)〉 ∼ (a/ξS)3/4
√
ξS/r e

−r/ξS

Majorana theory:
– is quantitatively correct at |β − 1| � 1;
– has status of a phenomenological theory at any β.



Jτ�∆S,λ

Pseudospins “fast”, spins “slow”: integrate pseudospins out

δ(2)SS = −
1

2
λ2
∑
nm

∫
dτ1

∫
dτ2 〈τxn(τ1)τxm(τ2)〉orb S

z
n(τ1)Szm(τ2)

〈τxn(τ1)τxm(τ2)〉orb = δnm exp (−4Jτ |τ1 − τ2|), |τ1 − τ2| � 1/∆S

Generation of easy-axis single-ion anisotropy:

HS → HS +Hanis, Hanis = −
λ2

4Jτ

∑
n

(Szn)2

Continuum limit:

HM =
∑

a=1,2,3

[
i

2
(ξaL∂xξ

a
L − ξ

a
R∂xξ

a
R)− ima ξ

a
Rξ

a
L

]
+

1

2

∑
a 6=b

gab

∑
a

(ξaRξ
a
L)
(
ξbRξ

b
L

)

m1 = m2 = m+
πCλ2

4Jτ
, m3 = m−

πCλ2

4Jτ
g13 = g23 6= g12



Ising transition in spin sector

. λ

m

m   =  m1 2

m3

Neel
0

Anisotropic

spin liquid

a
S   = +

S   = 

1

0

z

z

λ c1

λc1 ∼
√
Jτm

λ<λc1:

=m χxx(q, ω) = =m χyy(q, ω) ∼
m1

|ω|
δ

(
ω −

√
(q − π)2v2 +m2

1

)
=m χzz(q, ω) ∼

m3

|ω|
δ

(
ω −

√
(q − π)2v2 +m2

3

)
λ>λc1: N(x) ∼ (σ1µ2µ3, µ1σ2µ3, µ1µ2σ3)

m1 = m2 > 0, m3 < 0 → 〈σ3〉 6= 0: 〈N3〉 = ζ(λ) 6= 0 (Neel phase)

0 < λ− λc1 � λc1 : ζ(λ) ∼
(
λ− λc1
λc1

)1/8

Pairs of massive topological kinks – broad continuum of incoherent
transverse spin fluctuations:

=m χxx(q, ω) ∼
1√

m1|m3|

θ(ω2 − (q − π)2v2 − (m1 + |m3|)2)√
ω2 − (q − π)2v2 − (m1 + |m3|)2



Neel phase in spin sector:
Ising transition in orbital sector

λ > λc1 : orbital sector acquires quantum dynamics: – Neel ordering
of spins generates transverse orbital “magnetic” field:

Hso → −h
∑
n

(−1)nτxn +Hfluc
so , h = λ〈N3〉 ≡ λζ(λ)

Quantum Ising model in orbital sector:

Hτ ;eff = Jτ
∑
n

τ znτ
z
n+1 − h

∑
n

(−1)nτxn

0 < λ− λc1 � λc1

ηx ≡ (−1)n〈τxn〉 ∼
(
h

Jτ

)
∼
√

∆S

Jτ

(
λ− λc1
λc1

)1/8

Orbital quantum Ising transition:

h = Jτ : ζ ∼ 1 → λc2 ∼ Jτ

λc2

λc1
∼
(
Jτ

∆S

)1/2

� 1



Ground state phase diagram at Jτ�∆S
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– orbital ηx ordering induced by Neel spin alignment

(agreement with numerical data by Chern et al)



Jτ�∆S

Spins “fast”, pseudospins “slow”: integrate spins out

δ(2)Sτ = −
1

6
λ2
∑
nm

∫
dτ1

∫
dτ2 〈Sn(τ1) · Sm(τ2)〉S τxn(τ1)τxm(τ2)

〈Sl(τ)S0(0)〉 ' (−1)lf(r/ξS), r =
√
v2
s τ

2 + x2

f(x) ∼ x−1/2e−x

Generated xx-exchange in orbital sector

∆Hτ =
∑
n

∑
m≥1

(−1)m+1J ′τ(m)τxnτ
x
n+m, J ′τ(m) ∼ (λ2/∆S)e−ma0/ξS

ξS = few a0 → m = 1 – leading term, m = 2,3, ... – perturbation

π/2 pseudospin rotation: τ zn → τ yn, τ yn → −τ zn

H [eff]
τ =

∑
n

[
Jxτ

x
nτ

x
n+1 + Jyτ

y
nτ

y
n+1

]
+H ′τ

H ′τ = −J ′τ(2)
∑
n

τxnτ
x
n+2 + · · ·

Jy = Jτ , Jx = J ′τ(1) ∼ λ2/∆S, J ′τ(2) < J ′τ(1)



Gaussian transition in orbital sector

H ′τ = 0 → (pseudo)spin-1/2 XY chain.

Jordan-Wigner: mapping onto spinless fermions (Lieb, Schultz, Mattis)

HXY = (Jx+Jy)
∑
n

(
a†nan+1 + h.c.

)
+(Jx−Jy)

∑
n

(
a†na

†
n+1 + h.c.

)
.

Jx = Jy → λ = λc ∼
√
Jτ∆S: quantum XX criticality

– free massless fermions

Pseudospin reorientation transition

λ
λ

c

ηz ηx

λ<λc : ηz 6= 0, ηx = 0

λ>λc : ηz = 0, ηx 6= 0 (1)



Adding n.n.n. perturbation H ′τ :
XY chain → XYZ chain (weak ferro zz-coupling)

Weak XY anisotropy, |λ−λc| � λc: bosonization, quantum sine-Gordon
model:

H =
u

2

[
KΠ2 +

1

K
(∂xΦ)2

]
−

2γ

πα
cos
√

4πΘ, ∂xΘ = Π

γ ∼ Jτ
(
λ− λc
λc

)
, K = 1 + 2g +O(g2), g = J ′τ(2)/πv � 1

λ = λc: Gaussian criticality: orbital Luttinger liquid

|λ− λc| � λc: mass gap

Morb ∼
∣∣∣λ− λc

λc

∣∣∣ K
2K−1

Massive phases:

ηx ∼ cos
√
πΘ, ηzn ∼ sin

√
πΘ (d = 1/4K)

ηz(λ) ∼ (λc − λ)
1

4(2K−1) , λ < λc

ηx(λ) ∼ (λ− λc)
1

4(2K−1) , λ > λc

ηx orbital ordering generates staggered magnetic field:

HSO → −hS
∑
n

(−1)nSzn, hS ∼ ληx

ζ = (−1)n〈Szn〉 ∼ hS/∆S ∼ (λ/∆S)(λ− λc)
1

4(2K−1)

– Neel spin alignment induced by orbital order
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How to observe strong quantum orbital fluctuations?

∆S � Jτ : due to SO coupling, staggered magnetization N(x) acquires a

nonzero spectral weight at |ω| �∆S

SSO '
λa0

vS

∫
d2r Nz(r) nx(r)

Nz → (−1)nSzn, nx → (−1)nτxn , r = (vSτ, x)

Nz
P(r) = 〈e−SSONz(r)〉

= Nz
0(r)−

λa0

vS

∫
d2r1〈Nz

0(r)Nz
0(r1)〉S nx(r1) +O(λ2)

Low-energy projection NP(x) – hybridization effect:

Nz
P(r) ∼

λ

∆S

(
ξS

a0

)1/4

nx(r)

Measuring orbital quantum fluctuations in magnetic neutron
scattering and NMR experiments.



Orbital Luttinger-liquid regime:

• =mχ(q, ω) ∼ (λ/∆s)
2[ω2 − v2(q − π)]

1
4K
−1

Schulz & Bourbonnais, 1983

• Isolated S = 1 chain :

1

T1
∼ A2 exp(−2∆s/T ) Affleck & Sagi , 1995

Present model :

1

T1
∼ A2

(
λ

∆S

)2

T
1

2K
−1,

1

2K
− 1 < 0 (!)

Isolated S=1 chain

T

1/T1

∆
S

Spin−orbital model



Open questions

• Strong spin-orbital hybridization regime so far
unaccessible (no small parameter).

• Generalization to zigzag geometry: new models.

• Quasi-1D effects.



Zigzag ladder: self-dual orbital model

n−1 n+1n

n−1 n n+1

...

...

i=1

i=2

...

... m

m+1m−1

m−2

x↔ z : H =
N∑

m=1

(
Jxσ

x
mσ

x
m+1 + Jzσ

z
mσ

z
m+2

)
Duality property

σzmσ
z
m+1 = µxm, σxm = µzmµ

z
m+1

H =
∑
m

(
Jzµ

x
mµ

x
m+1 + Jxµ

z
mµ

z
m+2

)

H[{σ}; γ] =
1

γ
H

[
{µ};

1

γ

]
, γ = Jz/Jx

Self-duality point: γc = ±1 ?


